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74. 


ON THE SIMULTANEOUS TRANSFORMATION: OF TWO HOMOGE- 
NEOUS FUNCTIONS OF THE SECOND ORDER. 


[From the Cambridge and Dublin Mathematical Journal, vol. 1v. (1849), pp. 47—50.] 


THE theory of the simultaneous transformation by linear substitutions of two 
homogeneous functions of the second order has been developed by Jacobi in the memoir 
“De binis quibuslibet functionibus &c., Crelle, t. xr. [1834], p. 1; but the simplest 
method of treating the problem is the one derived from Mr Boole’s Theory of Linear 
Transformations, combined with the remark in his “ Notes on Linear Transformations,” 
in the Cambridge Mathematical Journal, vol. Iv. [1845], p. 167. As I shall have occasion 
to refer to the results of this theory in the second part of my paper “On the Attraction 
of Ellipsoids,” in the present number of the Journal [75], I take this opportunity of 
developing the formula in question; considering for greater convenience the case of three 
variables only. 


Suppose that by a linear transformation, | 
=a +R htY a, 
y=d n+p hY a, 
z =a" + B" h +y", 
we have identically, 


aa? + by? + c2*+ 2fyz +2gæz + 2hay = mg? +by? +02? +2fina, + 29,40, + Whey, 
Ax? + By? + C2 + 2Pyz + 2Gza + 2Hay = Aw? + By? + O12? + 2F yz + 2442.0, + 2H ay. 


Of course, whatever be the values of a, b, c, f, g, h, the same transformation gives 


ax? + by’ + cz? + 2fyz + Agen + hay = mm? + biy? + 62? + Wye + Wize + Vhynyy,, 
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provided that we have 
a =a +ba? + ca’? + fad’ +2ga'a +2haa’ , 
b, = a8? +b” +cB” + 2f8’B” + 2g8"B + 2hGP’, 
Q =a y? mn by? a cy” y 2fy'y” be 2gy”y dy 2hyy’ ; 
1 = aBy+ bp'y + cB"y” +EP” +BY) +8 (B'y + By”) +h (By + By), 
i = aya + bya! + oy"al” +h (o/a" +a’) +g (ya +ya')+h(yd +y a), 
h, =aaß + bap’ + ca” B” + f(a B” +0"B") +ga B +a8”) +h (aß + ap). 
Representing for a moment the equations between the pairs of functions of the 
second order by 
u=m, U=U,, v=4, 
we have, whatever be the value of X, 


Au + U+v=Au,+ Utv, 


Hence, if 
a, B, y |=; then 
oe eee N 
a Ot oe 
[Ag +A, +a, M+Hith, AAs+Gh+g =| A+At+a, AM+H+h, Ag+G+g 
Po se abi +B, +b, MtF, +f M+H+h, ab+B+b, Mf+F+f 
| aana +g, WtH+h, Matta Ag+G+g, A+ K+, Ac+Ct+e 


Hence, since a, b, c, f, g, h, are arbitrary, 
| Ay +A,, Ah +H, agt G |=| atA, AW+H, gG 
Ahm + H,, Mb+B, Aht, ah +H, Mb+B, MHF 
M+G,, Athi, Aa +0 |Ag+G, Af+F, rAc+C 


which determine the relations which must subsist between the coefficients of the 
functions of the second order. We derive 


i, h, gi 7 ii a, h, g 
h, b,, h h, b, yä 
Jis Fas Cy g, a c 


and by comparing the coefficients of a, &c., if we write for shortness, 


A=]|1, 3 : &c., then 
., B+B, Af+F 
., A+ F, A+C 
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Ae + 38,6 + Cy + 2ff:8 y +2 ya + 298,28 =I, 
Aid? +33,87 +y + 25f: 8! of +y e H he = TEAB, 
Ba”? + 95,8"? + Cy” +2 FB Y + 2y a" + 2, ap” . = PO, 


Bal a” +BB + OAY + fi By" + BY) + AA + yd) + (a B + d'B =E, 

A'a +9B,8"B +C + fr By + Bry”) + Gis (y'a + 0") + Bi (R +a g”) = IPG, 

Aa ad +BB + Gy tE HREN Hya) aF +78 )= TQ, 
each of which virtually contains three equations on account of the indeterminate 


quantity A. A somewhat more elegant form may be given to these equations; thus 
the first of them is 


| a, B, Y, = M? E . . 
a, Amt, Aht, Agte ., A+B, A+ KF 
B, Aw+H, W+B, Mitr, ., AF+F, + CO 


Y, Agi + Gis ai tA, Ac + O, 


from which the form of the whole system is sufficiently obvious. The actual values 
of the coefficients a, 8, &c. can only be obtained in the particular case where 
h=n=h=F,=G,=H,=0. If we suppose besides (which is no additional loss of 
generality) that æ, =b, =c, = 1, then the whole system of formule becomes 

ah+ H, A+B, Af4+FK 

ag +G, A+F, MC 


1=II? | a, h, g| or Il?=«~ suppose; and then 


as nal 
GaSe t 
(B+) (C +a +(0,+2)(Ai+a) B® +(A, +2) (B+) ¥ =*4, 
(BHA ($d) at HOHA (Ar +A) BY HHAH = 238, 
(B+) (OHANA HOHA (ENE +N BHA” =26, 
I 


(B, +A) (Qi +A) wa” + (0, +A) (A, + 2) BB” + (Al +A) (Bi +d) 7'9" =" F, 
(By +2) (Ci +d) a'a + (C, +A) (A, +A) B'B + (Ar +A) (Bi +A) "7 -16, 


(Bi +A) (C +A)a d + (0, +A) (4 +2) B B+ (A+A) (B +A)y y= R, 


www.rcin.org.pl 


74] FUNCTIONS OF THE SECOND ORDER. 431 


where, writing down the expanded values of A, 26, ©, ff, G, 9, 


(Ab + B)(Ac + C)—(f + FY =, 
(Ac + C)(Aa + A)—(Ag + GP =%, 
(aa + A)(Xd + B)— (Ah +H)? = ©, 


g+ OAh+H)— Aa +4) Af +F)= f, 
Ah+ H) Af +F)-(ab+B) Ag+ @ =G, 
AF + F) g +G) — c + C) Ah + H) = Q. 


By writing successively à=- Á, à=-—B,, X=—C,, we see in the first place that 
A,, B,, O, are the roots of the same cubic equation, and we obtain next the values of 
a’, B, y, &e in terms of these quantities A,, B,, C,, and of the coefficients a, b, &c., 
A, B, &c. It is easy to see how the above formule would have been modified if 
m, b, ¢, instead of being equal to unity, had one or more of them been equal to 
unity with a negative sign. It is obvious that every step of the preceding process is 
equally applicable whatever be the number of variables. 
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